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Abstract. The stability of sandwich panels subjected to the simultaneous action of
a uniform temperature and a uniaxial compression is considered. At elevated
temperatures, the buckling load can be increased by using shape memory alloy
(SMA) fibers in resin sleeves embedded within the core, at the midplane of the
sandwich panel. The best results are achieved when the spacing of SMA fibers
across the panel is nonuniform, i.e. the spacing, which is minimum at the
centerline, gradually increases with the approach to the edges (sinusoidal
distribution). The effectiveness of SMA fibers increases with temperature due to
larger tensile recovery stresses. The example of stability of sandwich panels
considered in the paper illustrates that functionally graded SMA composites may
present significant advantages in engineering design.

1. Introduction approach has recently been employed by Epps and Chandra
(1995) whose experimental results were found to be in good
Shape memory alloys (SMAs) have recently been agreement with theoretical predictions.
investigated as a possible tool for modification of the There are two methods to describe the behavior of a
structural response.  An attempt was undertaken to SMA material. Constitutive theories were developed by
incorporate SMAs within a composite material in the form Baumgartet al (1976), Tanaka (1986), Sato and Tanaka
of ‘'smart fibers’. The feasibility of such hybrid materials (1988), Liang and Rogers (1990), Brinson (1993) and
has been recently illustrated by Whigt al (1993) who others. Comprehensive reviews of these theories can be
used two-way shape memory training. found in works by Jiaet al (1996) and Birman (1997).
There are relatively few analytical studies of SMA A different approach is based on experimental constitutive
composites. Among these, Rogafsal (1991) employed curves that were published for particular materials subjected
a rule of mixtures to characterize composite plates to a prescribed loading regime. While this approach
consisting of graphite/epoxy and Nitinol/epoxy layers. lacks the universal features of an analytical method, it
The same rule was used by Pates al (1994) and provides a convenient tool to prescribe the response of
Zhong et al (1994) who considered thermal buckling a particular material. In particular, Crost al (1970)
and random vibrations of SMA composite plates with published constitutive relationships for 55-Nitinol, an alloy
Nitinol fibers embedded within composite layers. A that contains between 52 and 56 weight per cent of nickel,
representation of the constitutive behavior of SMA the rest being titanium. Tensile recovery stress—temperature
composites based on advanced micromechanical theoriesurves for 100 mm diameter rods presented in this report
has also attracted significant interest. In particular, Boyd represent an example of the experimental data necessary
and Lagoudas (1993) developed constitutive relations for for the design of shape memory fibers. Baz and Ro (1992)
SMA composites based on Mori-Tanaka micromechanics. and Epps and Chandra (1995) also presented constitutive
A theory based on the multi-cell micromechanics of Chamis curves for Nitinol.
has recently been proposed by Saravaetosl (1996). The concept of functionally graded composite materials
A different approach based on embedding SMA fibers has become an important area of research (see, for example,
in vulcanized rubber sleeves within the composite material special issues o€omposites Engineeringn 1994 (vol 4,
was proposed by Baz and Ro (1992) and Baz and Chenno 1) and 1995 (vol 5, no 7)). These materials are
(1993). This method simplifies the manufacturing process characterized by concentrations of the fibers in the most
and eliminates the problem of decay of the shape memorycritical regions where higher fiber volume fractions can
effect in systems that include SMA fibers bonded to enhance the response. A further step is represented by
a composite material. Experimental verification of the functionally graded hybrid composite materials including
theoretical model presented by Baz and Chen (1993) more than one class of fiber. In particular, functionally
illustrated promising features of the method. The same graded materials consisting of two different classes of
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Stability of SMA sandwich panels

fibers and their application in the stability problem were 1
discussed by Birman (1995). The present paper addresses o
a different problem, i.e. smart (SMA) fibers embedded ——
within the core of a sandwich panel and nonuniformly N, -
distributed to achieve maximum stability. The class of — - N
structures considered here represents functionally graded / b
smart composite structures.

It should be noted that the design of functionally graded
structures is closely related to the problem of optimization.
Studies dealing with the optimization of smart (usually

piezoelectric) composite structures have been published [ !
(Clark and Fuller 1992, Birman and Adali 1996, Birman
and Simonyan 1996), however the concept of functionally 21&%@"@”@—@77
graded smart composite structures advocated in this paper { /1
has not yet been considered, to the best knowledge of the
author.

In the present paper, SMA fibers in sleeves are Figure 1. Sandwich panel and its cross section with SMA
embedded within a sandwich panel to enhance its stability fiPers in sleeves: 1, facings; 2, core; 3, SMA fibers in
when subjected to the simultaneous action of a uniform S'€€Ves:
thermal field and a compressive load. The presence of
a uniform temperature is due to the external environment may occur simultaneously with loading, i.e. the structure
(e.g. aerodynamic heating of the structure). This simplifies experiences a passive control instead of an active control.
the solution compared to the case where SMA fibers A potential drawback in the design discussed here is
are activated by an electric current, in which case the related to the necessity to isolate the forces applied by
temperature is nonuniformly distributed over the cross SMA fibers to the clamps from the supported structure.
section. An interesting feature of structures where the Otherwise, these forces will cancel the beneficial effect of
reverse phase transformation of SMA fibers is triggered by the method. The solution may be to support several spans
an external temperature is that an active control is actually of the panel using continuous SMA fibers. The intermediate
replaced by a passive control of the structure. This meanssupports between adjacent spans can be designed to
that there is no need for phase transformation in external prevent transverse deformations, without restricting axial
power sources. displacements of SMA fibers. Therefore, only the outer
supports will be loaded by the forces from SMA wire. It
is important to emphasize that these forces are independent
of the length of the fibers, i.e. the proposed arrangement
can be used to enhance the stability of long structures.

The sandwich is characterized using the theory
presented by Whitney (1987) that employs the following
major assumptions:

3

2. Analysis

Consider a rectangular sandwich panel subjected to the
simultaneous action of an elevated temperatiéireand
compressive forces of intensity,, as shown in figure 1.
SMA fibers in resin sleeves are embedded within the core,
in the middle plane of the sandwich. The fibers are (1) the facings are in the state of plane stress;

originally in the austenitic phase. Then the temperature  (2) the core can translate transverse shearing stresses
is reduced so that the fiber material is transformed only;

into the martensitic phase. The martensitic fibers are (3) perfect bonding exists between all elements of the
prestrained and their ends are clamped. Now, if the sandwich.

temperature is increased, the material experiences the

reverse transformation into austenite accompanied by a ; . i .
P y can be described using the first-order shear deformation

contraction to the original length. However, this contraction h T | idered in thi :
is prevented by clamping and as a result, tensile recoveryN€0rY- The panels considered in this paper are symmetric
with respect to the middle plane. Each facing is composed

stresses appear in the fibers. The fibers are oriented inf ol le-pl d iallv orthotropic |
the load direction so that tensile recovery forces enhance rom muitiple angie-ply and Specially orthotropic 1ayers so

stability. In general, these forces can be generated agthat the bending stifinesseByg and Dps are negligible
compared to other bending stiffnesses. This results

a result of heating due to an electric current in SMA . led in-ol d 1 tati ilibri
fibers. On the negative side, this would result in additional Ienquuap[icc?nuspe In-plane and transverse static_equilibrnium

thermal compressive forces as well as degradation of the .
In the present study, in-plane forces that affect the

properties of the core and composite facings. However, i p ilibrium in the thick direction includ
in numerous applications, a structure operates under antauations o equiiibrium in the thickness direc |Ton m;:u €
external loadsN,, thermal stress resultanty., N,

elevated temperature that is sufficient to cause the reverse . . N
transformation of martensitic SMA fibers. Such is the case and S.MA recovery forces of intensity;. Accordingly,
in aerospace structures where elevated temperatures resuftduations of equilibrium of the panel become:

from aerodynamic heating or from the heat generated by the Ass(w . + Wy ) + Asa(w yy + ¥, ) — Ny W,

engines. In these situations, activation of SMA components +(Ny + NOHW, , + NVT\IJM =0

Under these assumptions, the behavior of the panel
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_A44(w,y + \I‘Jy) + (D12 + DGB)\IIx,xy + DGG“II)',XX
+D22\ij,yy =0

_A55(w,x + “I}x) + Dll\px,xx + D66“I}x.yy
+(D12 + D66)\I"y.xy =0 (1)

wherew, ¥, and ¥, are transverse deflection and bending
slopes in the planesz and yz respectively, and4;;, D;;
denote extensional and bending stiffnesses.

In the panels considered here bending stiffnesses are not

significantly affected by SMA fibers. However, extensional
stiffnessesA44 and Ass are reduced due to the loss of

a part of the core cross sectional areas occupied by the

fibers in sleeves. As follows from the formula for the
modulus of an equivalent solid core derived in appendix A,
this effect may be negligible in numerous applications. In

particular, it can be disregarded for the core considered in
the numerical examples presented in this paper. Therefore,

in the following solution, the stiffnesse$,4 and Ass are

assumed constant and independent of the fibers in sleeves

The recovery stress resultant can be calculated as

N! = cr,ﬂ

* l
whereo, are recovery stressed,; is the cross sectional
area of a SMA fiber, and is the spacing of SMA fibers
that may be a function of thg-coordinate. In the present
paper, experimental results (Cross al 1970) are used

to characterize the recovery stress in Nitinol fibers as a

)

the mode shape of instability of a simply supported panel
can be represented as:

. mMuTX . WYy
w = Wy, SiN sin
a b
mmx . niw
v, = Hy, COS—— sin Y (4)
a b
. mMITX nmwy
W, = R, sin cos A

wherem and n are integers. This mode shape satisfies
boundary conditions for a panel supported by ribs
(stiffeners) with an infinite bending stiffness (= 0 around

the contour of the panel). The torsional stiffness of the ribs
is negligible, but the shearing stiffness in the plane of the
web is very high ¢, = 0 along the edges = 0 and

x =a, and¥, = 0 alongy = 0 andy = b). Obviously,
such boundary conditions can adequately model designs

where the panel is supported by a blade or other open
profile stiffeners or by bulkheads. Although the buckling
mode shape in the case of uniformly distributed external
and recovery forces correspondsto= 1, other values

of n have to be examined in the present problem as well.
This accounts for a possible situation where critical loads
corresponding to the mode shape with= 1 become higher
than their counterparts corresponding to larger values of
n. Such situations may arise as a result of nonuniformly
distributed recovery forces.

It seems reasonable to assume that maximum benefits

function of temperature and the initial prestrain. This to stability will be achieved if the distribution of tensile
eliminates the necessity to employ analytical constitutive recovery forces generated by SMA fibers follows a
relationships that often overestimate the stresses in thesinusoidal law in they-direction, i.e.
regime of a constrained recovery.

Thermal stress resultants in the first equation (1) are the
following functions of temperature:

(%)== [:22]]

where Q;; are the transformed reduced stiffnesses of the
kth layer of the facingse; are the coefficients of thermal
expansion of this layer, anfy is a reference temperature .
corresponding to zero thermal stress resultants. The termSandwich P'ate_s- i ) i .
proportional to Q16 06 anda,, are negligible, similar In reality, _|t is more Ilkely that the spacing will

to the stiffnessess and Dy, because the facings have C¢hange according to a piece-wise law that may approach
many layers and they are symmetrically laminated with & sinusoidal distribution, if the number of sections with a

respect to the middle plane of the sandwich. The integration constrz]int spac!n% of ?L‘MA gbers IS sgf?aentlﬁl large. .
in equations (3) is carried out through the thickness of The magnitude ofA is ete”_“'”e rom the cons_tralnt
one of the facings. Note that in-plane shear thermal on the total volume (cross sectional area) of SMA fibers:

stress resultants are negligible. The contribution of SMA
fibers to NI does not have to be accounted for in the
above equation because it is included into experimentally
evaluated recovery stresses. whereA,, is a constant. ObviouslyA = A, /2b.

The purpose here is to illustrate that functional grading, =~ The substitution of equations (4) and (5) into
i.e. a nonuniform distribution of SMA fibers, can result equations (1) and the Galerkin procedure yield a set
in a significant enhancement of stability. Due to obvious Of homogeneous algebraic equations with respect to the
technological reasons, the cross sectional areas of the fiber@mplitudesW,,,, H,, and R,,. The requirement of a
should remain constant throughout the entire structure. Nonzero solution results in the buckling equation:

N, =o,Asinmy/b (5)

where Asinty/b = Af/I(y). Obviously, the spacing
corresponding to this distribution implies a large distance
between SMA fibers in the vicinity of the edges= 0
andy = b. On the contrary, SMA fibers are located
close to each other in the central section of the plate. The
proof of the claim that equation (5) represents an optimum
distribution of SMA fibers is given in appendix B for thin

NT
Ny

011012
01202

(02"
ay

} T-Tod: (3)
k

b
/ asin™ dy < A, 6)
0 b

ngever, the spacing can be variable, ik= I(y). In K omr (v, NT g, AC) 4 1T NT
this case, the recovery stress resultaMfsdepend on the ) ) | — 0
. . . 12 22 23 -
y-coordinate. In the absence of SMA fibers, or even if they | ;om K K
are present but uniformly distributed over the cross section, @)
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Stability of SMA sandwich panels

where the coefficients are given by

T\2 nw\2
= () As () 4
11 a 55 + b 44

temperatures of up to 17T. In all examples, the reference
temperature is equal to 2€. The properties of materials
considered in the examples are assumed independent of
temperature.

The thickness of each facing is equal to 0.00254 m.

(mn) __ 5 (mn) __ mm A
kip” =kg " =~ —Ass Kevlar/epoxy facings are composed of ten layers, each layer
) oy T being 0.000254 m thick. The lamination of Kevlar/epoxy
kgnzkﬁn:‘FAM facings is: [0/45°/ —45°/45°/ —45°],. The core is 0.0127 m
5 ) thick. In all examples, the in-plane panel dimensions were
K = Ags + (@) Diy+ (E) Des a =1.0m andb = 0.5 m, if not indicated otherwise.
a b SMA fibers in sleeves are located at the middle plane
(mn) __ 5 (mn) MIT NTT of the sandwich. The diameter of the fibers is equal to
ka3 = k3 (D12 + Dee) :
a b 0.00254 m, as was the case in the report of Cretsal
niw\2 mir \2 (1970) whose experimental stress—temperature curve is used
ko = Agq+ Do+ D (8) - - :
33 T AT\, ) FeeT T, ) e in the following examples. The external diameter of the

sleeves is 0.00294 m corresponding to the thickness equal
to 0.2 mm used by Baz and Chen (1993). The tensile
recovery stress—temperature curve employed in the analysis
corresponds to an initial strain equal to 8%. As was shown
by Crosset al (1970), such prestrain results in maximum
recovery stresses at temperatures exceeding@20

The following results present a comparison of
three cases, namely functionally graded SMA fibers
corresponding to a sinusoidal distribution, uniformly
distributed SMA fibers and panels without SMA fibers. The
total volume of SMA fibers in the first two cases is kept
equal.

The effect of SMA fibers on stability is illustrated in
figures 2 and 3 for sandwich panels with aluminum and
Kevlar/epoxy facings respectively. As follows from these

In equation (7), the coefficien@™ reflects the effect of a
nonuniform distribution of SMA fibers:
1 8n?

cm== :
mdn? -1

9)

If SMA fibers are uniformly distributed, i.el(y) =
constantC(n) = 1. If the conclusion on the effectiveness
of a nonuniform distribution of SMA fibers is based on
the condition that the total volume of these fibers for both
uniform and sinusoidal distributions must remain constant,
in the case of a uniform distribution, the value afin
equation (7) should be replaced witg/z)A.

To conclude this section, it is useful to estimate
the potential for enhancement of the stability offered by
optimization of the distribution of SMA fibers. If the figures, the influence of SMA fibers on stability is relatively
effect of SMA fibers on the stiffnesse$s4 and Ass can weak at low temperatures. This is natural, because at these
be disregarded, the analysis of the effectiveness of theseiemperatures tensile recovery stresses in SMA fibers are
fibers is reduced to a comparison of the term proportional |ow. The situation changes at higher temperatures due to
to the recovery stress in equation (7). It can be immediately two factors. First of all, significant thermal compressive
shown that a sinusoidal distribution of the recovery stress stresses result in a dramatic reduction in the mechanical
resultants given by equation (5) results in a gain of the pucking load. Secondly, high recovery stresses in the SMA
effectiveness of SMA fibers by 33%, as compared to a fibers enhance the stability of sandwich panels. Moreover,
uniform distribution. This number is expected to be reduced the advantage of the optimum distribution of SMA fibers
if the stiffnesses are affected by a reduction of the cross pecomes noticeable at higher temperatures and recovery
sectional area associated with the sleeves of the embeddedtresses. For example, in the panels with aluminum
fibers. On the other hand, if technological difficulties of facings, the improvement in the buckling load at82was
curing composites with embedded SMA fibers (without 500 in the case of uniformly distributed SMA fibers and
sleeves) can be overcome, the stiffnesses of the composites 69 in the case of a sinusoidal distribution. However,
may actually increase due to the inclusion of SMA fibers. gt 149°C these values increased to 75.5% and 100.8%
In this case, the benefits to Stablllty will exceed 33%. respective|y. In the pane|s with Kev|ar/epoxy facings
the buckling load at 82C was increased by 5.7% for
uniformly distributed fibers and by 7.7% for functionally
graded fibers. At 149C, the improvement was 26.9% and
35.8% respectively. The higher effectiveness of SMA fibers
Two types of sandwich panels are considered in the in the panels with aluminum facings at 14® is explained
numerical examples. The first type has isotropic aluminum by the approach to the critical temperature that results in a

3. Numerical examples

facings (Al 6061-T6: E = 69.0 GPa,G = 26.0 GPa,
o« = 236 x 10°8°C1). The facings of the second type
are manufactured from Kevlar/epoxy with the following
characteristics:E; = 87.0 GPa,E, = 55 GPa, G, =
2.2 GPa, vo 0.34, y = —20 x 10_60(:_1, oy =
60.0 x 10°6°C1. The core material is Rohacell 51WP

sharp reduction of the mechanical buckling load.

Note that the instability mode shape in all examples
considered in this paper corresponded o= 1. |In
the case of panels with aluminum facings (figure 2) the
number of half-waves in the mode shape of buckling was
equal to two 2 = 2). However, for the panels with

with a shear modulus equal to 20.6 MPa. This core material Kevlar/epoxy facings (figure 3), the mode shape at lower
is selected for the analysis because it can withstand hightemperatures corresponded to three half-waves, while as the
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Buckling load (MN/m)
4

FG SMA
fibers

3k —_—

Uniform SMA
fibers

2| ——

Panel w/o

SMA fibers
-

80 (16) 100(38) 140(60) 180(82) 220 (104) 260 (127) 300 (149)
Degrees F (C)

Figure 2. Buckling loads for panels with aluminum facings.

Buckling load (MN/m)

26
FG SMA
2.4
fibers
2.2 -
2 Uniform SMA
fibers
1.8 —o—
1.6 Panel w/o
14 SMA fibers
’ -
1.2
1

0‘ L J, L L L l L
go (16) 100(38) 140(60) 180(82) 220 (104) 260 (127) 300 (149)
Degrees F (C)

Figure 3. Buckling loads for panels with Kevlar/epoxy facings.

Buckling load (MN/m)
1

FG SMA
08} fibers
Uniform SMA
06
fibers
——
04 Panel w/o
SMA fibers
0.2} -

o L L L 1 1 ] I i 1 1 i i L 1 L ]
05060708091011121314151617 181920
a(m)
Temperature = 300 deg (F) or 149 deg (C)
b=05m

Figure 4. Effect of the aspect ratio on the buckling loads of panels with aluminum facings at T = 149°C.

temperature increased beyond 220 the buckling mode  (figure 4). In the case of Kevlar/epoxy facings this change
shape changed t@a = 2. Such a change in the buckling is less pronounced. In the panels with aluminum facings,
mode shape may be explained by the influence of biaxialm = 1 if a < 09, m = 2 if 09 < a < 17, and
thermal compressive forces. m = 3 if 1.7 < a < 2.0. In the case of the panels
The effect of SMA fibers on stability is illustrated with Kevlar/epoxy facings;m = 1 if a < 0.6,m = 2 if
for panels with various aspect ratios in figures 4 and 5. 06 <a < 11, m = 3ifll <a < 15 m = 4 if
Note that the change in buckling mode shape with aspectl.5 < a < 1.9, andm = 5 in the range B < a < 2.0.
ratio is clearly evident in the case of aluminum facings Of course, all lengthsa® listed above are measured in
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Buckling load (MN/m)

1.8
FG SMA
16 fibers
14} Uniform SMA
’ fibers
——
12r Panel w/o
SMA fibers
1 -

0‘8 1 1 | 1 H H i il i L 1 1 L 1
05060708091011121314151617 18 1920
a(m)
Tempreature = 300 deg (F) or 149 deg (C)
b=05m

Figure 5. Effect of the aspect ratio on the buckling loads of panels with Kevlar/epoxy facings at T = 149°C.

Buckling load (MN/m)

1.6
FG SMA
14 fibers
Uniform SMA
121 fibers
——
1k Panel w/o
SMA fibers
E = = = = £ = t] —
0.8 I} 1 1 il L ) L )
3 4 5 6 7 8 9 10

Spacing aty = b/2 (mm)
Temperature = 260 deg (F) or 127 deg (C)
a=10m, b=05m
m=2 n=1

Figure 6. Effect of the spacing between SMA fibers on the buckling loads of panels with aluminium 127 facings at T = 127 °C.

metres. It is interesting to note that a consistent advantageless than 6 mm should be treated as qualitative only.
of functionally graded SMA fibers over their uniformly The problem related to degradation of the stiffnesses
distributed counterparts can be observed at all aspect ratiosA44 and Ass may be reduced by using SMA wires of
In turn, the advantage in panels with uniformly distributed a smaller diameter with higher recovery stresses. An
SMA fibers over those without such fibers is also unaffected important conclusion from figures 6, 7 and 8 is that the
by the aspect ratio. advantage of functionally graded SMA fibers over their
Finally, the effect of the spacing of SMA fibers is uniformly distributed counterparts increases as the spacing
illustrated for panels with aluminum facings (figure 6) and decreases.
for their counterparts with Kevlar/epoxy facings (figures 7
and 8). The spacing shown along the horizontal axes 4. conclusions
of the figures corresponds to the minimum spacing of
functionally graded fibers along the centerlipe= 5/2. SMA fibers in sleeves may provide an effective tool for
Note that, according to the previous discussion, the actualenhancement of the stability of sandwich panels subjected
spacing of uniformly distributed fibers can be obtained to the simultaneous action of mechanical and thermal loads.
from that shown in the figures by multiplication by the SMA fibers may become particularly effective at higher
factorr/2. This guarantees an equivalence of the volume temperatures due to large tensile recovery stresses.
of SMA fibers in both functionally graded and uniform Functionally graded SMA fibers may further increase
configurations. buckling loads of sandwich panels (and other structures). In
Predictably, in all cases the maximum effect was the case of a uniform compression, a sinusoidal distribution
observed when the spacing was minimum. However, of SMA fibers results in a significant increase of the
the accuracy of the results generated for a small spacingbuckling load. The advantage shown by functionally graded
may be unsatisfactory. This is due to the fact that SMA fibers over their uniformly distributed counterparts
if the spacing is small it is impossible to neglect increases with a decrease of spacing and an increase of
degradation of the core stiffnesse$yy and Ass due temperature.
to the presence of cavities occupied by SMA fibers in Further studies of the problem should address the
sleeves. Therefore, the results obtained for spacings offollowing.
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Buckling load (MN/m)

2.05
2 FG SMA
fibers
1.95 [4 B —
191 Uniform SMA
fibers
1.85 ——
1.8} Panel w/o
SMA fibers
1.75 [3— = = e = = += £] =
1'7 g L 1 1 1 1 i 1
3 4 5 6 7 8 9 10

Spacing aty = b/2 (mm)
Temperature = 180 deg (F) or 82 deg (C)
a=10m, b=05m
m=3, n=1

Figure 7. Effect of the spacing between SMA fibers on the buckling loads of panels with Kevlar/epoxy facings at T = 82°C.

Buckling load (MN/m)

1.8
FG SMA
1.6 < fibers
14 Uniform SMA
fibers
1.2 ——
Panel w/o
113 = = &= = = = £] SMA fibers
=
0.8 i 1 1 L L ., L L
3 4 5 6 7 8 9 10

Spacing aty = b/2 (mm)
Temperature = 300 deg (F) or 149 deg (C)
a=10m, b=05m
m=2, n=1

Figure 8. Effect of the spacing of SMA fibers on the buckling loads of panels with Kevlar/epoxy facings at T = 149°C.
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(3) Degradation of the core stiffnesses due to the
presence of SMA fibers in sleeves. This degradation can be
accounted for by using the formula for an effective modulus Appendix A
of shear of the core derived in appendix A.

(4) Selection of appropriate distributions of SMA fibers The purpose of this appendix is to derive a formula for the
in various problems. The sinusoidal distribution considered €fféctive shear modulus of a core weakened by the cavities
in this paper is optimum for the enhancement of stability. °ccupied by the sleeves containing SMA fibers, as shown in
However, this may not be the best fiber distribution in figure 1. For this purpose, the core is subdivided into three

other applications. Ultimately, multi-purpose optimization |2yers (figure 9), the thickness of the middle layer being
should be studied as well. equal to the diameter of the sleeves. In addition, the actual

circular cavities are replaced with equivalent cavities of a
The general conclusion from this work is that rectangular cross section (accordingly, the core is called
functionally graded smart hybrid composites show a a ‘modified actual core’). The requirement that the cross
significant potential for technological applications. These sectional areas of the actual and equivalent cavities should
materials may offer attractive advantages in problems of be equal yields
buckling, static bending and dynamics. a=As/hy (A1)
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cross sectional area. It can easily be shown that the stresses

)
(@) hy / are increased by the factor
he by 1
- \ @ @ d= 7 - (A3)
1—-As/h2
Iy k
; whereA; = A, /.
Accordingly, displacementgh anda;b; are
b= "n
a a ab= —h;
(b) G
T
} by =d—h. Ad
aog G 2 ( )
The requirement
/ AB = 2ab + albl (A5)
Figure 9. The core of a sandwich panel with SMA fibers in yields
the middle plane: (a) actual core; (b) modified actual core. G h
k=—"%4—-_ "< | A6
. G 2hy +dh, (A6)
(&) R The value of a reduction factok in the examples
( a “l/b ( h considered here was 0.874, corresponding to a reduction
\ by hy of the shear modulus by 12.6%. Note that this factor
a corresponds to the centerline of the sandwich, i.ey te
\ b b b/2 and the immediate vicinity of this line. The factor
gradually increases towards the edges- 0 andy = b
where it is equal to one.
Note that the reduction of the shear modulus of the
b . core is relatively small. In addition, this reduction will be
(b) to some extent neutralized by a contribution from the resin
A B sleeves and SMA fibers to the shear stiffness of the core.
While this contribution is difficult to quantify, it may be
G used as an additional justification of the assumption that
“ the sleeves do not significantly degrade the shear stiffness
of the core.
Figure 10. Shearing deformation of a modified actual core
(a) and an equivalent solid core (b).
Appendix B

where A; is the cross sectional area of a sleeve containing Tpe purpose of this appendix is to present proof that the

a SMA fiber. _ _ - optimum distribution of SMA fibers in a thin sandwich
Consider shearing deformations of the modified actual plate subjected to a combination of compressive and

core and those of an equivalent solid core with an equivalent o mal 1oads is sinusoidal, i.el;/ = Asinry/b. The
shear modulusG,, shown in figure 10. Both cores are
subjected to the action of a shearing stresthat results
in shearing deformations. For convenience, it is assumed
that the bottom surfaces of the cores are clamped. Then
the shearing deformations will result in a displacement of
the upper surface. Obviously, this displacement should be
identical for the modified actual and equivalent cores.

In the case of an equivalent core, the displacement is

solution is obtained for the case where the reverse phase
transformation of SMA fibers is due to an external uniform
temperature.

The sandwich plate considered here is thin and
transverse shear stiffnesses of the core are low. Therefore,
the contribution of transverse shear stiffnesses of the core to
panel stability can be disregarded. SMA fibers are located
at the middle plane of the panel and their effect on the

T bending stiffnesses is negligible. The facings are composed
AB = —h,. (A2) . i
Geg of a large number of angle-ply and specially orthotropic
layers symmetric about the middle plane of the sandwich.

In the modified actual core, the displacement of the |,'1his case the equation of static equilibrium of the panel
upper surface represents the sum of the displacenagnts po.omes

of the outer layers and the displacemeiti; of the middle
layer. The latter displacement should be calculated taking D11W yxxx + 2(D12 4+ 2Deg) W xxyy + D2ow, yyyy — Nyw oy
into account an increase of the shear stress due to a smaller  +(N, + N)(T)w,xx + NyTw,_Vy =0. (B1)
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The SMA fibers are distributed according to an arbitrary

law I(y) so that the recovery stress resultant can be

represented by a Fourier series

iy

N = Z Ni sin== (B2)

where N; are positive coefficients andare odd numbers

(obviously, recovery forces should be symmetric about the

centerliney = b/2).

The mode shape of buckling is assumed unaffected by

the recovery forces, i.e.

. mmxx . my
w = W, sin—— sin——.
a

5 (B3)

The substitution of equations (B2) and (B3) into
(B1) and the Galerkin procedure result in the following
expression for combination of the buckling loads:

(2 vty (5 o
te)

b
2 /mm\2 1
=pom+ = (25 w5 -
(m) + T\ a ) Z (i
where D(m) is a positive constant dependent on bending
stiffnesses, panel dimensions and buckling mode shape.
The constraint on the volume of SMA material is
expressed in the form of a limit of the recovery force:

(B4)

b .
/ Y NisinZEdy = N (B5)
0 5 b
whereN is a constant. Equation (B5) yields
2b N;
N=— —. B6
n Z l. (B6)

(B6) can be substituted into the right-hand side of (B4)
replacing the sum)_ N;/i with a positive constant.

Therefore, maximum benefit to stability can be achieved by

using a distribution of SMA fibers that results in a minimum
of the function )
1
= Nii

proportional to the last term on the right-hand side of
equation (B4).

This can be achieved iv; = 0 for all i > 1. The
corresponding value a¥; is given by equation (B6) where
i=1.

(B7)
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